Abstract. We prove that if (X, A + B) is a pair defined over an algebraically closed field of positive characteristic such that (X, B) is strongly F -regular, A is ample and K X + A + B is strictly nef, then K X + A + B is ample. Similarly, we prove that for a log pair (X, A + B) with A being ample and B effective, K X + A + B is big if it is nef and of maximal nef dimension. As an application, we establish a rationality theorem for the nef threshold and various results towards the minimal model program in dimension three in positive characteristic.
Introduction
One of the main objectives of the minimal model program is the study of the linear system associated to an adjoint divisor. For example, in characteristic 0, we have a good understanding of the linear system given by a multiple of a Q-divisor L which is the sum of the canonical divisor and an ample Q-divisor (e.g. see [KMM87] , [KM98] , [BCHM10] and the references therein). Among the fundamental tools in birational geometry, one is Kawamata's base point free theorem which asserts that if L is nef then it is semiample (see [KM98] ).
Because of the failure of Kodaira vanishing theorem in positive characteristic, the base point free theorem is still open in this case. The aim of this paper is to present a new approach in this direction. As a byproduct, we obtain several results which are known to follow from the base point free theorem.
1.1. Strictly nef divisors. We first study strictly nef adjoint divisors, with possibly real coefficients. Recall that a R-Cartier R-divisor L on a proper variety X is said to be strictly nef if its intersection with any curve on X is positive. Mumford has constructed the first example of a strictly nef divisor which is not ample (see [Har70, Example 10] ). See [MS95, Remark 3.2] for a similar example in positive characteristic. However, we show: Theorem 1.1. Let (X, B) be a strongly F -regular pair defined over an algebraically closed field k of characteristic p > 0, where B is an effective R-divisor. Assume that A is an ample R-divisor such that K X +A+B is strictly nef. Then K X +A+B is ample.
From Theorem 1.1, we immediately obtain the following result: Corollary 1.2. Let (X, ∆) be a strongly F -regular projective pair with an effective R-divisor ∆ over an algebraically closed field k of characteristic p > 0 such that K X + ∆ is big and strictly nef. Then K X + ∆ is ample.
In addition, we obtain the following result on the rationality of the nef threshold: Theorem 1.3. Let (X, B) be a strongly F -regular pair defined over an algebraically closed field of characteristic p > 0, where B is an effective Q-divisor. Assume that K X + B is not nef and A is an ample Q-divisor. Let λ := min{t > 0 | K X + B + tA is nef }.
Then there exists a curve C in X such that (K X + λA+ B)·C = 0. In particular, λ is a rational number.
Note that the assumption (X, B) to be strongly F -regular is analogue to but more restrictive than assuming (X, B) to be klt. In fact, in characteristic 0, all these statements are direct consequences of Kawamata's base point free theorem as we know that if (X, B) is a projective klt pair such that B is big and K X + B is strictly nef then K X + B is indeed ample.
In positive characteristic, since [HH90] new techniques involving the Frobenius map have been developed to establish many of the results which are traditionally deduced from vanishing theorems in characteristic 0. Very roughly, this is the general strategy that we follow in this paper as well.
On the other hand, the techniques used to prove the above results were inspired by an earlier attempt of the second author to prove Fujita's conjecture, which in turn was inspired by the proof of the effective base point free theorem in characteristic zero, by Angehrn and Siu [AS95] . In their paper, the authors construct zerodimensional subschemes which are minimal log canonical centres for a suitable pair and using Nadel's vanishing theorems they are able to extend non-trivial sections to the whole variety. In positive characteristic, using the idea of twisting by Frobenius, the analogue would be to construct zero dimensional F -pure centres and use Fadjunction (see [Sch09] for more details). Unfortunately there is a technical issue on the index of the adjoint divisor which we are not able to deal with, in general. Therefore, instead of using one divisor to cut the centre, we study the trace map for all the powers of Frobenius and assign different coefficients for each of these. For this reason, we introduce the use of F -threshold functions to replace the classical F -pure threshold and obtain a zero dimensional subscheme from which we can lift sections (see Subsection 3.1 and 3.2 for more details). Theorem 1.1 and Theorem 1.3 are proven in Section 4.
1.2. Divisors of maximal nef dimension. Using the same methods above but cutting at two very general points, we study adjoint divisors of maximal nef dimension. More specifically, given a log pair (X, B) such that K X + B is nef, the nef dimension n(X, K X + B) of K X + B (see Subsection 2.4 for the definition) has proven to be a powerful tool to approach the Abundance conjecture thanks to the nef reduction map (e.g. see [BDPP13, Section 9] and [Amb04] for more details). Recall that a divisor over a proper variety X is said to be of maximal nef dimension if its intersection with any movable curve in X is positive (see Subsection 2.1 for the definition of movable curve). Thus, we obtain the following weak version of the base point free theorem: Theorem 1.4. Let X be a normal projective variety over an algebraically closed field of characteristic p > 0. Assume that A is an ample R-divisor and B ≥ 0 is a R-divisor such that K X + B is R-Cartier and K X + A + B is nef and of maximal nef dimension. Then K X + A + B is big.
Note that the previous theorem does not require any assumption on the singularities of the pair (X, B), nor on the coefficients of B.
As an application, we obtain the following result on the study of rational curves covering a projective variety X: Corollary 1.5. Let X be a normal projective variety, defined over an algebraically closed field of characteristic p > 0. Assume that A is an ample R-divisor, B ≥ 0 is an R-divisor such that K X + B is R-Cartier and L = K X + A + B is nef and not big. Assume that
is an extremal ray of N E(X). Then X is covered by rational curves C such that [C] ∈ R and
Theorem 1.4 and Corollary 1.5 are proven in section 5.
Remark 1.6. We were informed by J. M c Kernan that Theorem 1.4 and Corollary 1.5 were independently obtained by him using different methods [McK13] .
1.3. Threefolds. We now focus on the study of three dimensional projective varieties. We first prove the following version of the cone theorem: Theorem 1.7. Let X be a Q-factorial projective threefolds defined over an algebraically closed field of characteristic p > 0. Let B be an effective Q-divisor on X whose coefficients are strictly less than one. Assume that K X + B is not nef. Then there exist an ample Q-divisor A such that K X + A + B is not nef and finitely many curves C 1 , · · · , C r on X such that
By combining our results with previous ones [Kol91, Kee99, HX13] , we obtain a weak version of the minimal model program for three dimensional varieties: Theorem 1.8. Let X be a Q-factorial terminal projective threefold defined over an algebraically closed field of characteristic p > 5. Then there exists a K X -negative birational contraction f : X Y to a Q-factorial terminal projective threefold such that one of the following is true:
( Theorem 1.7 and Theorem 1.8 are proven in Subsection 6.1.
We also prove the following version of the base point free theorem in dimension three, under some assumptions on the coefficients of the boundary: Theorem 1.9. Let (X, B) be a projective three dimensional log canonical pair defined over an algebraically closed field of characteristic p > 0, for some big Qdivisor B ≥ 0 such that K X + B is nef. Assume that p > 2 a for any coefficient a of B.
(1) If K X + B is not numerically trivial, then
, and all coefficients of B are strictly less than 1, then K X + B is semiample.
Note that if (X, B) is a three dimensional projective log pair such that K X +B is big and nef then Keel proved a version of the base point free theorem which allows the target space to be an algebraic space (cf. [Kee99, Theorem 0.5]).
Besides using Theorem 1.4, the main tool used to prove Theorem 1.9 is a canonical bundle formula for fibrations of relative dimension one. The proof is contained in Subection 6.2.
Preliminary results
2.1. Notation and conventions. We work over an algebraically closed field k of positive characteristic p. If K is a field, we denote by K its algebraic closure. By abuse of notation, we will often write K instead of SpecK.
A variety X is an integral scheme which is separated and of finite type over k. A curve is a one dimensional variety. A curve C in a variety X is said to be movable if it is a member of an algebraic family C/T = (C t ) t∈T parametrized by a variety T and such that C → X is dominant.
When the ground field is uncountable, by a very general point x ∈ X, we mean a point x which is in the complement U of a countable union of proper subvariety. By a pair of very general points, we mean (x, y) ∈ U × U .
Let K ∈ {Q, R}. A K-line bundle L on a proper scheme X is an element of the group Pic(X) ⊗ K. We will use the additive notation on this group. A K-line bundle L on X is said to be nef (respectively strictly nef, numerically trivial) if L · C ≥ 0 (respectively > 0, = 0) for all the curves C in X. The K-line bundle L is said to be of maximal nef dimension if L · C > 0 for all the movable curves C in X.
If X is a normal variety, we denote by Div R (X) the vector space of R-Cartier Rdivisors of X, by N 1 (X) the vector space of 1-cycles on X, and by N E(X) ⊆ N 1 (X) the closure of the convex cone generated by the classes of effective 1-cycles in X. If L is an R-Cartier R-divisor on X, we denote by L ⊥ ⊆ N 1 (X) the set of 1-cycles C on X such that L · C = 0 and by N E(X) L≥0 the set of 1-cycles C ∈ N E(X) such that L · C ≥ 0. Given any R-Cartier R-divisor D and an ample R-divisor H, we define the nef threshold of D with respect to H to be
Given a Q-line bundle L on a proper variety X, we denote by κ(X, L) its Iitaka dimension and we define its volume as
where n is the dimension of X and m is taken to be sufficiently divisible (see
where we denote by L m the m-th self intersection of L. We refer to [KM98] for the classical definitions of singularities (e.g., klt, log canonical) appearing in the minimal model program, except for the fact that in our definitions we require the pairs to have effective boundaries. In addition, given a Q-divisor B on a normal variety X such that K X + B is Q-Cartier, we say that the pair (X, B) is sub log canonical if a(E, X, B) ≥ −1 for any geometric valuation E over X.
Given a variety X, we denote by F : X → X the absolute Frobenius morphism over k. We refer to Definition 2.7 for the definition of a strongly F -regular pair and a sharply F -pure pair. If Z is a closed subscheme of a projective variety X, then the scheme-theoretic inverse image
is a closed subscheme of X defined by the ideal I Lemma 2.1. A nef R-line bundle L on a projective variety X is strictly nef if and only if L| V is not numerically trivial for any subvariety V ⊆ X with dim(V ) ≥ 1.
Proof. Pick an ample divisor H on X. Assume that L is strictly nef and that V ⊆ X is a subvariety. Then
Thus, L| V is not numerically trivial. The converse is trivial.
Lemma 2.2. Assume that X is a projective variety defined over an uncountable algebraically closed field. Let L be an R-line bundle of maximal nef dimension on X.
Then, for a very general point x ∈ X, L |V is not numerically trivial for any subvariety V ⊆ X such that dim V ≥ 1 and x ∈ V .
Here a very general point means a point which is not contained in a countable union of proper closed subvarieties of X.
Proof. Cutting by hyperplanes, it suffices to prove that for a very general point x and for any irreducible curve C through x, the restriction L| C is not numerically trivial.
Let Univ 1 → Chow 1 be the universal family over the Chow variety parametrizing 1-dimensional cycles. Note that the set of non-movable curves C ⊆ X is parametrized by a countable union of subvarieties W ⊆ Chow 1 such that Univ W → X is not dominant. Let x be a very general point which is not contained in the union of the closures of the image of each component of Univ W .
Then, the lemma follows from the fact that L is of maximal nef dimension and any curve C through x is a movable curve.
We need the following criterion of ampleness in Section 4: Lemma 2.3. Let L be a strictly nef R-Cartier R-divisor on a normal projective variety X. Assume that for every closed point x ∈ X, we may write L ∼ R L x where L x is an effective R-divisor whose support does not contain x. Then L is ample.
Proof. By Nakai-Moishezon theorem, we only need to check for any subvariety Z of X, L dim Z · Z > 0. By induction on the dimension, we can assume that for any proper subvariety
and the claim follows.
Similarly, we need the following criterion of bigness in Section 5:
Lemma 2.4. Let X be a normal projective variety, defined over an uncountable algebraically closed field. Let L be a nef R-Cartier R-divisor. Assume that, for every very general points x, y ∈ X, there exists an effective R-Cartier R-divisor
Proof. It is sufficient to show that L n > 0. Fix a very general point x ∈ X. Then we can find an effective R-Cartier R-divisor L 1 ∼ R L containing x in its support. We may write L 1 = f F + G where F is a prime divisor such that x ∈ F , f is a positive number and G is an effective R-divisor which does not contain F in its support. Note that, since x ∈ F , if ν : F → F is normalisation, then ν * (L| F ) satisfies the same properties as L. Thus, by induction on the dimension, we obtain
Thus, the claim follows.
2.3. The trace map of Frobenius. All the results in this section are essentially contained in the fundamental work [Sch09] . We include them for the reader's convenience.
Proposition 2.5. Let X be a normal variety, let D be an effective divisor on X and let e be a positive integer. Then, there exists an O X -module homomorphism
which satisfies the following commutative diagram of O X -modules
The result above has appeared in the literature before (e.g. see [Sch09, Section 2], [Tan13, Section 2]). We provide a proof here for the sake of completeness.
Proof. Consider the composition map
. We want to show that there exists an O X -module isomorphism:
Note that both the coherent sheaves are reflexive. Denote by i : X sm ֒→ X the open embedding of the smooth locus of X. We have
and
Therefore, replacing X by its smooth locus, we may assume that X is smooth. By the duality theorem for finite morphisms, we obtain the following O X -module isomorphism
Proposition 2.6. Let X be a normal variety, and let D be an effective divisor on X. Fix a positive integer e and a scheme-theoretic point x ∈ X. Then, the following assertions are equivalent:
Thus, ϕ gives the required splitting. Assume (2). Then, there exists ϕ ∈ Hom OX,x (F
This implies the required surjectivity.
Definition 2.7. Let X be a normal variety and let B be an effective R-divisor such that K X + B is R-Cartier. Fix a closed point x ∈ X.
(1) A pair (X, B) is strongly F -regular at x if, for every effective divisor E, there exists a positive integer e such that Tr 2.4. Nef reduction map. We now recall the main result of [BCE + 02] , which allows us to study nef line bundles on a projective variety which are not of maximal nef dimension.
Theorem 2.9 (Nef reduction map). Let X be a normal projective variety defined over an uncountable algebraically closed field k, and L be a nef R-line bundle. Then there exists an open set U ⊆ X and a proper morphism ϕ : U → V , such that L is numerically trivial on a very general fibre F of ϕ and for a very general point x, we have that L · C = 0 if and only if C is contained in the fibre of ϕ containing x.
Proof. The theorem follows from the main result in [BCE + 02] . Although the result there is stated only for line bundles on complex projective variety, the same proof works for R-line bundles on any variety defined over an uncountable algebraically closed field.
It follows from the previous theorem that if L is a nef line bundle on a normal projective variety X defined over an algebraically closed field k, we can define the nef dimension n(X, L) as the dimension of the variety V in Theorem 2.9, after first possible applying a base change so that X is defined over an uncountable field K ⊇ k. It is clear that this definition does not depend on the choice of K. Note that L is of maximal nef dimension if and only if n(X, L) = dim X and in general we have the inequalities:
(see [BCE + 02, Proposition 2.8]).
Creating isolated centres
In this section, we aim to develop the method of creating isolated centres. As we mentioned, our approach is different from the standard one, because instead of studying one threshold, we track a sequence of thresholds. In Subsection 3.1, we study how to cut out (d − 1)-dimensional centers from d-dimensional centers. In Subsection 3.2, we establish the induction process for all d.
3.1. Cutting subschemes. In this section, we always assume that X is a projective variety defined over an algebraically closed field of characteristic p > 0. Our goal is to construct zero-dimensional subschemes of X from which we can lift sections. These methods were inspired by the proof of the effective base point free theorem in characteristic zero, by Angehrn and Siu [AS95] .
The following result will allow us to create isolated F -pure centres.
Proposition 3.1. Fix a ∈ N. Let X be a projective variety. Let A be an ample R-line bundle on X and L a nef R-line bundle on X. Let x ∈ X be a closed point and let W be a proper closed subscheme of X. Assume dim x W ≥ 1. Then there exist a positive integer λ 0 and an ample R-line bundle A ′ on X such that
′ is a Q-line bundle, and (3) for any sufficiently divisible l > 0, there exists
such that t| V = 0 for every irreducible component V of W red such that L| V is not numerically trivial.
Before we proceed with the proof of Proposition 3.1, we first need some preliminary results.
Lemma 3.2. Fix a ∈ N. Let X be a projective variety and let V be a closed subvariety of X. Let A be an ample R-line bundle on X and L a nef R-line bundle on X such that L| V is not numerically trivial. Let x ∈ V be a closed point and let W ′ be a proper closed subscheme of V . Assume dim x W ′ ≥ 1. Then there exist a positive integer λ 0 , such that for any integer λ ≥ λ 0 there exist an ample R-line bundle A λ on X and a positive integer q λ such that
is a line bundle, and (3) for every positive integer l, we have
Proof. For every positive integer λ, we can find an ample R-line bundle A λ such that
• λL + A λ is a Q-line bundle, and
A is ample. Indeed, we can find such an R-line bundle A λ by perturbing
where e x is the multiplicity of x ∈ V . We have
Hence we can find a sufficiently large integer λ 0 such that
Therefore, if λ ≥ λ 0 and l is sufficiently divisible, we have
Lemma 3.3. Fix a ∈ N. Let X be a projective variety and let W be a reduced closed subscheme of X. Let A be an ample R-line bundle on X and L a nef R-line bundle on X. Let x ∈ W be a closed point. If dim x W ≥ 1, then there exists a positive integer λ 0 and an ample R-line bundle A ′ on X such that
Proof. Consider the decomposition
where V 1 , . . . , V r are distinct irreducible components of W , and assume that L| Vi ≡ 0 for 1 ≤ i ≤ q and L| Vj ≡ 0 for q + 1 ≤ j ≤ r. We may assume q ≥ 1. Let
We claim that there exists a positive integer λ 1 and, for any λ ≥ λ 1 , there exists an ample R-line bundle A
(1)
λ is a Q-line bundle, and
We may assume x ∈ V 1 otherwise the result is obvious. By assumption, we have dim x V 1 ≥ 1. Hence, Lemma 3.2 implies the claim.
Fix λ ≥ λ 1 . Then, for any sufficiently divisible l > 0, we can find a non-zero section
. After possibly replacing l by its multiple, we can find t
. Let B be an ample Q-line bundle such that 1 4 A − B is ample. We may assume that l is sufficiently large so that there exists
We define D Similarly, we can find positive integers λ 2 , . . . , λ q and sequences of ample R-line bundles {D
λ0 is a Q-line bundle, and
• for any sufficiently divisible integer l > 0, there exists
We define an ample R-line bundle A ′ such that
A is ample, and
is ample. Thus, for sufficiently divisible integer l > 0 and for any i = 1, . . . , q, there
We define s :
. Then s| V = 0 for every irreducible component V of W such that L| V is not numerically trivial.
We can now proceed with the proof of Proposition 3.1.
Proof of Proposition 3.1. By Lemma 3.3, there exists a positive integer λ 0 and an ample R-ample line bundle A ′ on X such that A − A ′ is ample, λ 0 L + A ′ is a Q-line bundle and for any sufficiently divisible l > 0, there exists
thus there exists a section
Then, we have:
and for every irreducible component V of W red such that L| V is not numerically trivial, we have
As corollaries of Proposition 3.1, we obtain the following two assertions.
Proposition 3.4. Fix a ∈ N. Let X be a projective variety. Let A be an ample R-line bundle on X and L a strictly nef R-line bundle on X. Let x ∈ X be a closed point and let W be a proper closed subscheme of X. If dim x W ≥ 1, then there exists a positive integer λ 0 and an ample R-line bundle A ′ on X such that
Proof. Since L is strictly nef, the claim follows from Lemma 2.1 and Proposition 3.1.
Proposition 3.5. Assume that X is a projective variety defined over an uncountable algebraically closed field of characteristic p > 0. Fix a ∈ N. Let A be an ample R-line bundle on X and L a nef R-line bundle of maximal nef dimension on X. Let x, y ∈ X be very general points and let W be a proper closed subscheme of X such that dim x W ≥ 1 and dim y W ≥ 1. Then, there exists a positive integer λ 0 and an ample R-line bundle
′ is a Q-line bundle, and (3) for any sufficiently divisible l > 0, one can find
Proof. Lemma 2.2 implies that L| V is not numerically trivial for every irreducible component V of W red such that x ∈ V or y ∈ V . Thus, by Proposition 3.1, there exist a positive integer λ 0 and an ample R-line bundle
′ is a Q-line bundle and for any sufficiently divisible l > 0, we can find
such that t i | V = 0 for every irreducible component V of W red such that x ∈ V or y ∈ V . Then, t := t 1 t 2 is a required section.
3.2. Induction. In this subsection, we describe an inductive method to construct a zero-dimensional subscheme from which we can lift sections. The subscheme is obtained by taking the intersection of a sequence of suitable divisors.
Notation 3.6. Through this section, we assume that X is a normal variety defined over an algebraically closed field of characteristic p > 0. Let B be an effective Qdivisor such that K X + B is a Q-Cartier Q-divisor whose index is not divisible by p. Assume that (X, B) is sharply F -pure at a closed point x ∈ X.
Let M ⊆ N be the subset of positive integers e such (p e − 1)(K X + B) is Cartier. For any i = 1, . . . , r, let t i : M → Z ≥0 be a function and let D i be an effective divisor on X. Let M ′ ⊆ M be a subset. By abuse of notation, we say that the pair (X, B + t i D i ) is M ′ -sharply F -pure at a point x ∈ X if the trace map
is surjective locally around x for every e ∈ M ′ . Assume that the pair (X, B +
be an effective divisor on X. Then for any e ∈ M ′ , we denote by
) at x with respect to D r+1 , which is the maximum integer t ≥ 0 such that the trace map
is surjective locally around x (see [MTW05] ).
3.7. Let (X, B) be an n-dimensional sharply F -pure projective pair such that B is an effective Q-divisor. Assume that the index of K X + B is not divisible by p. Let M ⊆ N be the subset of positive integers e such that (p e − 1)(K X + B) is Cartier. Let A be an ample R-Cartier R-divisor on X and let L be a strictly nef R-Cartier R-divisor on X. Fix a ∈ N. Let n 0 := max{dim k (m x /m 2 x ) | x is a closed point of X} to be the maximal embedding dimension of x ∈ X. Pick a closed point x ∈ X. Fix an integer 0 ≤ r < n.
We assume that we have quintuples (1) r A − A i is ample for every 1
for any e ∈ M . We now want to construct a quintuple (l r+1 , λ r+1 , t r+1 , D r+1 , A r+1 ), so that for i = 1, . . . , r + 1, the quintuple (l i , λ i , t i , D i , A i ) satisfies the above properties (1) r+1 -(7) r+1 .
To this end, note that Proposition 3.4 implies that there exist a positive integer λ r+1 , an ample R-Cartier R-divisor A r+1 and a sufficiently divisible integer l r+1 > 0 such that
is Cartier, and • there exists
such that s| V = 0 for every irreducible component V of W red r . Let D r+1 be the effective Cartier divisor on X corresponding to s and for any e ∈ M let
We now want to check that the properties (1) r+1 -(7) r+1 hold. First note that (1) r+1 -(5) r+1 hold simply by the assumptions above. We now check (6) r+1 . It is sufficient to show that for any e ∈ M the trace map
is not surjective locally around x. We take an affine open subset x ∈ Spec R ⊆ X such that m x | Spec R is generated by at most n 0 elements and that
By the definition of D r+1 , we can write f = µ + ν where µ ∈ m alr+1 x and ν ∈ I Wr | Spec R . Thus,
with ν ′ ∈ I Wr | Spec R . Then, we have
The last inclusion was obtained as a consequence of the fact that by assumption m x | Spec R is generated by at most n 0 elements. Thus, (6) r+1 follows from (7) r .
We now prove (7) 
for any e ∈ M . Thus, the claim follows.
To summarise, we have obtained the following theorem.
Theorem 3.8. Let (X, B) be an n-dimensional projective sharply F -pure pair such that the Cartier index of K X + B is not divisible by p. Fix a ∈ N. Assume that L is a strictly nef R-Cartier R-divisor, A is an ample R-Cartier R-divisor and M ⊆ N is the subset of positive integers e such that (1 − p e )(K X + B) is Cartier. Let
Then, for any 1 ≤ i ≤ n, there are positive integers l i and λ i , an effective Cartier divisor D i , an ample R-Cartier R-divisors A i and a function
e lia , for every 1 ≤ i ≤ n, and (7) for any e ∈ M , we have Tr e (F e * (L (e) · I W )) ⊆ m x and there is an exact sequence
Proof of Theorem 1.1
In this section we prove Theorem 1.1. We begin with the following:
Lemma 4.1. Let (X, B) be a projective strongly F -regular pair such that B is an effective R-divisor. Let A be an ample R-Cartier R-divisor. Let L := K X + A + B. Then, there exists an effective Q-divisor B ′ and an ample R-Cartier R-divisor A
′ is a Q-Cartier divisor whose index is not divisible by p, (3) A ′ is an ample R-Cartier R-divisor, and
Proof. We can write K X + B = m i=1 α i E i where α i ∈ R and E i is a Cartier divisor for each i = 1, . . . , m. Let H be an effective Cartier divisor whose support contains the support of E i for each i = 1, . . . , m. We fix a sufficiently small positive rational number ε 0 such that its denominator is not divisible by p, A − ε 0 H is ample and (X, B + ε 0 H) is strongly F -regular (see Remark 2.7). We can find real numbers δ i ≥ 0, for i = 1, . . . , m which satisfy the following properties:
is strongly F -regular, and • α i + δ i are rational numbers whose denominators are not divisible by p. We have
Then, the claim follows.
4.2.
We can now proceed with the proof of our main theorem.
Proof of Theorem 1.1. Let L := K X + A + B. Thus, L is a strictly nef R-Cartier Rdivisor. By Lemma 4.1, we may assume that B is a Q-divisor and that the Cartier index of K X + B is not divisible by p. Let n = dim X. We fix a positive integer a such that a ≥ nn 0 , where
where c j ∈ R ≥0 and each L j is an effective Cartier divisor such that x ∈ SuppL i . By Lemma 2.3, the claim implies the Theorem.
We apply Theorem 3.8. Then, for any 1 ≤ i ≤ n, we obtain positive integers l i and λ i , an effective Cartier divisor D i , an ample R-Cartier R-divisor A i and a function
e lia , for every 1 ≤ i ≤ n and e ∈ M , and (7) Tr e (F e * (L (e) · I W )) ⊆ m x , for every e ∈ M .
In particular, we have that
We can write L = r i=1 α i E i where α i ∈ R and E i are Cartier divisors, for i = 1, . . . , r. Let V ⊆ Div R (X) be the vector space spanned by E 1 , . . . , E r . We denote by · the sup norm with respect to this basis. Let ε > 0 be a sufficiently small rational number such that Let Γ j := m j L − C j for j = 1, . . . , q. Then, we obtain
We want to show that x is not a base point of the linear system |C j | for j = 1, . . . , q. Fix 1 ≤ j ≤ q. For all e ∈ M , we have the following diagram:
is surjective around x for all e ∈ M . Tensoring by O X (C j ) and taking the cohomology, we obtain
Since dim x W = 0, the map H 0 (ϕ e ) is surjective. Thus, to show that ρ is surjective, it is enough to prove
As a ≥ nn 0 , it follows
Since 1 2 A − A i and 1 2 A − Γ j are ample, the Fujita vanishing theorem implies that if e ∈ M is sufficiently large then
Proof of Corollary 1.2. Since K X + ∆ is big, we can write K X + ∆ ∼ R A + B where A is effective ample and B is effective. Replacing ∆ by ∆ ′ = ∆ + tB, and choosing t to be a sufficiently small positive number such that (X, ∆ ′ ) is strongly F -regular, then the assertion follows from Theorem 1.1.
4.3.
As an immediate consequence of Theorem 1.1 we obtain the rationality theorem:
Proof of Theorem 1.3. Since K X + B is not nef, we have that λ > 0. By the definition of λ it follows that K X + λA + B is nef but not ample. Thus, Theorem 1.1 implies that K X + λA + B is not strictly nef. In particular, there exists a curve C such that (K X + λA + B) · C = 0, i.e.
Thus, λ is rational.
Proof of Theorem 1.4
We now proceed with the proof of Theorem 1.4. We use the same methods we developed in the last section, but this time we cut at two points at the same time.
5.1. Proof of Theorem 1.4. Since it suffices to prove the statement of the theorem after any base change of the ground field, we may assume the ground field is uncountable. Fix two very general points x, y ∈ X as in Lemma 2.2. In addition, we assume that x and y are not contained in the singular locus of X, nor in the support of B. In particular, m x and m y are generated by n elements.
By using the same argument as in the proof of Lemma 4.1, we may assume that B is an effective Q-divisor such that the Cartier index of K X + B is not divisible by p. Let n = dim X. We fix an integer a > 2n 2 . Let M 0 ⊆ N be the subset of positive integers e such (p e − 1)(K X + B) is Cartier and let L := K X + A + B. By assumption, (X, B) is M 0 -sharply F -pure at x and y. By Lemma 2.4, it is sufficient to show that L ∼ R q j=1 c j E j where c j ∈ R >0 and E j is an effective Cartier divisor such that SuppE j contains x but not y for every 1 ≤ j ≤ q.
We start with the seven-tuple
Fix 0 ≤ r < n. Let us assume we have constructed a seven-tuple (l i , λ i , t i , D i , A i , M i , W i ) for 0 ≤ i ≤ r where l i and λ i are positive integers, M i ⊆ N is an infinite subset, t i : M i → Z ≥0 is a function, D i is an effective Cartier divisor on X, A i is an ample R-Cartier R-divisor on X, and W i is a closed subscheme of X which satisfy either the following properties:
or the following properties:
is not M r -sharply F -pure at y for every e ∈ M r , (4) 
We claim that after possibly switching x and y, we can find a seven-tuple
hold. Let us prove the claim. Assume first that the properties (1) ′ r − (7) ′ r hold. Then, by Proposition 3.5, there exist positive integers l r+1 and λ r+1 and an ample RCartier R-divisor A r+1 on X such that
is Cartier, and • there exists a section
such that x ∈ V or y ∈ V. Let D r+1 be the effective divisor on X corresponding to s. We define
We consider the sets ′′ r hold. Then we ignore y and just do the same construction as in the proof of Theorem 1.1 for x, where we choose W r+1 with the methods described above. To proceed with the induction, note that Proposition 3.4 implies that there exists a positive integer λ r+1 , a sufficiently large and divisible integer l r+1 and a section
such that s| V = 0 for every irreducible component V of W red r such that x ∈ V . Thus, we let D r+1 to be the corresponding effective divisor on X and t r+1 (e) = ν We now apply the same argument as in Theorem 3.8. For any 1 ≤ i ≤ n, we obtain a quintuple (
ali(x) , for every 1 ≤ i ≤ n, and
We define a quintuple (l i (y), λ i (y), D i (y), A i (y), t i (y)) in the same way.
By Diophantine approximation (see the proof of Theorem 1.1), there exists RCartier R-divisors Γ 1 , . . . , Γ q positive integers m j and positive real numbers r j for j = 1, . . . , q such that
}. It is sufficient to show that the linear system |C j | separates x and y for every j = 1, . . . , q. Thus, we want to prove that there exist sections s, t ∈ H 0 (X, C j ) such that s| x = 0 but s| y = 0 and t| x = 0 but t| y = 0. For any e ∈ M n , let
We first assume that (1)
′ n is true. Then, as in the proof of Theorem 1.1, we know that for any e ∈ M n there is a diagram
By (2)
′ r , ϕ e is surjective for any e ∈ M n . Thus, as in the proof of Theorem 1.1, after tensoring by C j , the diagram induces a surjection
On the other hand, if (1)
′′ n holds, the same diagram as above holds, but by (2) ′′ r , the map
for every e ∈ M n . Thus, there is a section s ∈ H 0 (X, C j ) such that s| x = 0 but s| y = 0. Thanks to (1) y − (7) y and (a) − (d), by the same argument as in Theorem 3.8, we can show that y is not a base point of the linear system |C j |. Then, we can find a section s ′ such that s ′ | y = 0. Hence, using a linear combination of s and s ′ , we can find a section which vanishes at x but not at y.
Therefore, we can apply Lemma 2.4 to conclude that L is big.
5.2. Corollary 1.5 follows immediately from the following lemma.
Lemma 5.3. Let X be a normal projective variety, defined over an algebraically closed field k of characteristic p > 0. Assume that A is an ample R-divisor, B ≥ 0 is an R-divisor such that L = K X + A + B is nef but not big. Then X is covered by rational curves R such that
Proof. Let K ⊇ k be an uncountable field. Since N E(X) = N E(X K ), if there are rational curves in the class [R] ∈ N E(X K ) covering X K , then there is a component V of RatCurve n (X K ) parametrizing moving curves which are in [R] (see [Kol96, Definition -Proposition II.2.11]). Since RatCurve n (X K ) = RatCurve n (X) × k K, it follows that there exist rational curves in R which cover X. Therefore, we may assume that the ground field is uncountable.
Since L is not big, Theorem 1.4 implies that L is not of maximal nef dimension. Let f : X Z be the nef reduction map associated to L and whose existence is guaranteed by Theorem 2.9. Let X ′ be the normalization of the graph Γ(f ) ⊆ X×Z. Note that the induced morphism p 1 : X ′ → X is an isomorphism over an open set V = f −1 (U ) for some nonempty open set U ⊆ Z. Theorem 2.9 implies that p * 1 L is numerically trivial on any fibre of p 2 : X ′ → Z, i.e. −p * 1 (K X +B) is p 2 -ample. Therefore, we can take a sufficiently ample divisor H such that
2 H is ample. Furthermore, we can assume that for any curve C on X ′ which is not contained in fibres of p 2 , we have C · H ′ > 2 dim X. Let x be a very general point of X ′ and let C be a curve passing through x and which is contained in a fibre F of f . We may assume that C does not intersect the singular locus of X ′ and it is not contained in the support of p * 1 B. In particular, it follows that H ′ · C ≤ −K X ′ · C. By Theorem 2.9, we have that L · C = 0. Applying Miyaoka-Mori's bend and break (see [MM86] , [Kol96, Theorem II.5.8]), it follows that there is a rational curve R ′ passing though x such that
Therefore, R ′ is contained in the fibre over Z. In particular, we can assume p 1 : X ′ → X is isomorphic near R ′ and if we denote by R the image of R ′ in X then we have R · L = 0. In addition, we have
Three dimensional MMP
In this section, we focus on the study of three dimensional varieties defined over an algebraic closed field of positive characteristic. In Subsection 6.1, using results from [Kol91, Kee99, HX13] , we show that a weak version of the minimal model program holds for terminal threefolds. In Subsection 6.2, we prove that under some restrictions on the coefficients of the boundary, the base point free theorem holds for three dimensional log canonical pairs with intermediate Kodaira dimension.
6.1. A weak cone theorem and running the MMP. The aim of this section is to prove Theorem 1.7 and Theorem 1.8.
We begin with the following:
Lemma 6.1. Let X be a Q-factorial projective variety defined over an algebraically closed field. Let B be an effective R-divisor on X, let λ H be the nef threshold of K X + B with respect to an ample R-divisor H and let
Proof. Clearly the left hand side is contained in the right hand side. Assume that there exists ξ in the interior of S such that ξ / ∈ N E (X). Then there exists an hyperplane which separates ξ from N E (X), i.e. there exists a divisor L such that L · ξ < 0 and L · C > 0 for all C ∈ N E (X) \ {0}. In particular L is ample. Since ξ is contained in the interior of S it follows that
Lemma 6.2. Let X be a Q-factorial projective variety defined over an algebraically closed field. Let A be an ample R-divisor on X and let B be an effective R-divisor on X. For any ample R-divisor H, let a H be the nef threshold of K X + 1 2 A + B with respect to H.
Assume that there exists finitely many extremal rays of N E(X) spanned by the classes of curves R 1 ,..., R m , such that for any ample R-divisor H on X, we have that
Proof. First we prove the left hand side is equal to the closure of the right hand side. If not, there exists C ∈ N E(X) and a divisor L such that L · ξ > 0 for any ξ = 0 in the closure of the right hand side but L · C < 0. We can assume C is in the boundary of N E(X). In particular, L · R i > 0 for i = 1, . . . , m.
For any ample R-divisor H, let b H be the nef threshold of K X + A + B with respect to H. By Lemma 6.1, we can assume that there exists a sequence of ample divisors H j with j ≥ 1 such that
Fix a sufficiently small positive number a such that 1 2 A + aL is ample. Fix a sufficiently large positive integer j, so that
Then, by assumption, the nef threshold a H ′ of K X + B + 1 2 A with respect to H ′ is larger than 1. But for any i = 1, . . . , m, since
which contradicts our assumption. It remains to show that P = N E (X) KX +A+B≥0 + i R ≥0 R i is closed. We use a standard argument for this. Let z j ∈ P be a sequence of points, with j ≥ 1 such that lim j z j = z ∈ N E(X). Then, for any j ≥ 1, we may write z j = v j + m i=1 a ij R i for some v j ∈ N E (X) KX +A+B≥0 and a ij ∈ R ≥0 . Let H be an ample divisor on X. Then intersecting with H, we have that if j is sufficiently large, H · z j ≤ z · H + 1 and in particular it follows that the coefficients a ij are bounded by a fixed constant. Thus, after passing through a subsequence, we can assume that for each i = 1, . . . , m, the sequence a ij has a limit, say a i . Then
Thus, z ∈ P.
We now proceed with the proof of Theorem 1.7.
Proof of Theorem 1.7. For any ample R-divisor H, let λ H be the nef threshold of K X + B with respect to H.
We first assume that there exists an ample R-divisor H such that K X +B +λ H H is big. Let t be a rational number such that 0 < t < λ H and K X + B + tH is big. Then, by perturbing tH, we can find an ample Q-divisor A such that K X + B + A is big and not nef. Then, the result follows from [Kee99, Proposition 0.6].
Thus, we may assume that K X + B + λ H H is not big for all ample R-divisors H. Pick any ample R-divisor A such that K X + A + B is not pseudo-effective. Thus, for any ample R-divisor H, if a H is the nef threshold of K X + 1 2 A + B with respect to H, then K X + 1 2 A + B + a H H is not big. By Lemma 5.3, there exists a rational curve R such that
which implies A · R < 12. In particular, R is parametrized by finitely many components of the Chow variety Chow 1 (X) and we may assume that there exists finitely many curves R 1 , . . . , R m such that if H is an ample R-divisor, then (K X + 1 2 A + B + a H H) · R i = 0 for some i ∈ {1, . . . , m}. Thus, the result follows from Lemma 6.2.
6.3. We now proceed with the proof of Theorem 1.8. Case (1) of Theorem 1.8 is proven in [HX13] . Thus, we only need to consider the case when K X is not pseudoeffective. In this case, our result follows directly from a combination of Theorem 1.7 and Kollár's contraction theorem [Kol91, Section 4].
Proof of Theorem 1.8. If K X is not nef, then Theorem 1.7 implies that there exists an extremal ray R of N E(X) and an ample Q-divisor H, such that K X + H is nef and
If K X + H is not big, then Lemma 5.3 implies that R is spanned by a movable rational curve. Thus, by [Kol91, Theorem 4.10], we get the contraction as described in Case (2). If K X + H is big, then we proceed with a step of a generalized minimal model program, given by a K X -negative map X X 1 as described in [HX13] , and we can replace X by X 1 . It follows from termination of generalized flips (see [HX13, Section 5]) that the above process must terminate with one of the two cases of Theorem 1.8. 6.2. On the base point free theorem. The main aim of this section is to prove Theorem 1.9. To this end, our main tool is the following result:
Proposition 6.4. If (X, B) is a log canonical threefold, where K X + B is nef and Char k = p > 2 a where a is the minimal nonzero coefficient of B. Assume X has a dense open set U which admits a dominant proper morphism U → V where dim(V ) = 2. Assume also that K X + B is numerically trivial over the generic point of V . Then K X + B is semiample.
Proof. By the existence of resolution of singularities for curves and surfaces, we may assume that ϕ induces a rational map X Z where Z is a smooth projective variety of dimension n(L). Let ψ : Y → X be a birational morphism which resolves the singularities of X Z, and whose existence is guaranteed by the main results in [Abh98, Cut04, CP08, CP09] . Thus, if we write ψ
is a sub log canonical pair. Let f : Y → Z be the induced map. We can assume
(1) f * (O Y ) = O Z , and (2) f factors through an equidimensional morphism Y * → Z (see [RG71] ), where Y * yields a morphism to X.
We begin with the following Lemma.
Lemma 6.5. If C is a normal complete curve defined over a field η such that ω C is anti-ample and
C is ample. So the arithmetic genus of C and Cη satisfy a(C) = a(Cη) = 0. We know that Cη is irreducible. Let C red η ⊆ Cη be the reduced part and let I be its ideal sheaf. Then a(C red η ) ≤ a(Cη) = 0, which implies that C red η is a smooth rational curve. Since for j = 0, 1, we have
for any C red η ⊆ C ′ ⊆ Cη, we conclude that H j (C red η , I i /I i+1 ) = 0, and in particular I i /I i+1 = O P 1 (−1) for any i ≤ n, where n is the maximal non-negative integer such that I n = 0. But then ω Cη | C red η ∼ = O P 1 (n − 2).
Thus n < 2, which implies that Cη is a conic in P 2 η , i.e., Cη is either a smooth rational curve or a planar double line and the latter case can happen only if char η = 2.
The Lemma implies that if η ∈ V is the general point then Xη ∼ = P 
This implies that
is semiample. Thus we conclude that K X + B is semiample.
Proof of Theorem 1.9. We first prove (1) and (2). Since it is sufficient to prove the statement of the Theorem after any base change of the ground field, we may start to assume that the ground field is uncountable. By Theorem 1.4, we can assume that n(K X + B) ≤ 2. Thus, we only need to prove that if n(K X + B) = 1 or 2, then K X + B is semiample.
Let ϕ : U → V be the nef reduction morphism of K X + B defined in Theorem 2.9 where U is an open subset of X. We distinguish two cases:
Case 1: n(K X + B) = 2.
This case follows directly from Proposition 6.4 and the fact that the restriction (K X + B)| Uη on the generic fibre of ϕ is numerically trivial.
Case 2: n(K X + B) = 1.
We may assume that ϕ induces a rational map X Z where Z is a smooth curve. Let ψ : Y → X be a birational morphism which resolves the singularities of X Z. Then the morphism Y → Z factors through h : X → Z. It suffices to show that K X + B ∼ Q h * G for some Q-divisor G on Z. By Theorem 2.9, we have that deg(H) > 0 and the Theorem follows.
Consider the Albanese morphism a X : X → Alb X , and denote by φ : X → S the Stein factorization of the morphism (h, a X ) : X → Z × Alb X . Denote by i : S → Z × Alb X the induced morphism. Since the fibres of Z are covered by rational curves, which are also mapped to points in Alb X , we know that dim(S) ≤ 2. If dim(S) = 1, then there is an isomorphism ρ : Z → S such that ρ • h = φ. Thus, if n is a sufficiently large integer, we have 
